We show that a quotient group of a CI-group with respect to (di)graphs is a CI-group with respect to (di)graphs.
Proof. Let ℓ = |H|, and Cay(G/H, S 1 ) and Cay(G/H, S 2 ) be isomorphic. If Cay(G/H, S 1 ) = Γ 1 ≀ K ℓ for some (di)graph Γ 1 and ℓ ≥ 2, then Cay(G/H, S 2 ) = Γ 2 ≀ K ℓ for any (di)graph Γ 2 and ℓ ≥ 2. In this case, define T 1 = {gh : gH ∈ S 1 , h ∈ H} ∪ (H − {1 G }) and T 2 = {gh :
Additionally, by Theorem 8, we have that Aut(Cay(G, T 1 )) = Aut(Cay(G/H, S 1 )) ≀ S ℓ and Aut(Cay(G, T 2 )) = Aut(Cay(G/H, S 2 )) ≀ S ℓ .
On the other hand, if Cay(G/H, S 1 ) = Γ 1 ≀ K ℓ for some Γ 1 and ℓ ≥ 2, then Cay(G/H, S 2 ) = Γ 2 ≀ K ℓ for some Γ 2 . In this case, define T 1 = {gh : gH ∈ S 1 , h ∈ H} and T 2 = {gh : gH ∈ S 2 , h ∈ H}.
Then Cay(G, T 1 ) = Cay(G/H, S 1 ) ≀K ℓ and Cay(G, T 2 ) = Cay(G/H, S 2 ) ≀K ℓ are isomorphic Cayley digraphs of G. As before, by Theorem 8, we have that Aut(G, T 1 ) = Aut(Cay(G/H, S 1 )) ≀ S ℓ and Aut(Cay(G, T 2 )) = Aut(Cay(G/H, S 2 )) ≀ S ℓ . In either case, Cay(G, T 1 ) and Cay(G, T 2 ) are isomorphic Cayley digraphs of G such that Aut(Cay(G,
As G is a CI-group with respect to (di)graphs, there exists α ∈ Aut(G) such that α(Cay(G, T 1 )) = Cay(G, α(T 1 )) = Cay(G, T 2 ). Since both Cay(G, T 1 ) and Cay(G, T 2 ) have the form Γ ′ 1 ≀ Γ ′ 2 where Γ ′ 2 has order ℓ, Lemma 6 tells us that there is a unique Aut(Cay(G, T 1 ))-invariant partition with blocks of length ℓ in Cay(G, T 1 ), and a unique Aut(Cay(G, T 2 ))-invariant partition with blocks of length ℓ in Cay(G, T 2 ), and furthermore that in each case, these block systems are formed by the orbits of 1 Aut(Cay(G/H,S i )) ≀ S ℓ . By inspecting the connection sets of Cay(G, T 1 ) and Cay(G, T 2 ), it is clear that in both graphs these orbits are the cosets of H in G. Since α is an isomorphism from Cay(G, T 1 ) to Cay(G, T 2 ), it must take the unique invariant partition with blocks of length ℓ in Cay(G, T 1 ), to the unique invariant partition with blocks of length ℓ in Cay(G, T 2 ), and hence take any coset of H to a coset of H. Since α ∈ Aut(G) it takes subgroups of G to subgroups of G, so in particular, α(H) = H. Now α induces an automorphismᾱ of G/H defined byᾱ(gH) = α(g)H. Since α(H) = H, this is well-defined. We claim thatᾱ(Cay(G/H, S 1 )) = Cay(G/H,ᾱ(S 1 )) = Cay(G/H, S 2 ), and so G/H is a CI-group with respect to digraphs. To see this, suppose that gH ∈ S 1 . Then α(gH) = α(g)H, and by the definition of T 1 , gh ∈ T 1 for every h ∈ H. Since α(T 1 ) = T 2 , this means that α(gh) = α(g)α(h) ∈ T 2 for every h ∈ H, and since α(H) = H, this means α(g)h ∈ T 2 for every h ∈ H. By definition of T 2 , this means thatᾱ(gH) = α(g)H ∈ S 2 . Since gH was an arbitrary element of S 1 , this shows thatᾱ(S 1 ) = S 2 , as claimed.
